Document généré le 7 aott 2025 21:41

Algorithmic Operations Research

Optimizing Chemotherapy Scheduling By Iteratively Solving a

Recurrence Equation

Hui Jiang, Yifan Liu et Zheng Su

Volume 3, numéro 2, fall 2008
URI : https://id.erudit.org/iderudit/aor3_2art06

Aller au sommaire du numéro

Editeur(s)

Preeminent Academic Facets Inc.

ISSN
1718-3235 (numérique)

Découvrir la revue

Citer cet article

Jiang, H., Liu, Y. & Su, Z. (2008). Optimizing Chemotherapy Scheduling By
Iteratively Solving a Recurrence Equation. Algorithmic Operations Research,
3(2), 175-185.

All rights reserved © Preeminent Academic Facets Inc., 2008

Résumé de l'article

We illustrate how an iterative method and the idea of recurrence can be
employed to optimize chemotherapy scheduling. We take the density of host
and cancer cells as the states, and aim at minimizing the treatment period for
each state. We derive the equation satisfied by the optimal values of the
objective function at different states. The theorem of existence and uniqueness
for the solution to this equation is proved, and some important properties of
the optimal values of the objective function are presented. The optimal
treatment schedule can be derived directly from the optimal objective function
values at different states. We use an iterative method to solve the equation
numerically. Some ideas to further enhance the model are discussed.

Ce document est protégé par la loi sur le droit d’auteur. L’utilisation des
services d’Erudit (y compris la reproduction) est assujettie a sa politique
d’utilisation que vous pouvez consulter en ligne.

https://apropos.erudit.org/fr/usagers/politique-dutilisation/

erudit

Cet article est diffusé et préservé par Erudit.

Erudit est un consortium interuniversitaire sans but lucratif composé de
I'Université de Montréal, 'Université Laval et I'Université du Québec a
Montréal. Il a pour mission la promotion et la valorisation de la recherche.

https://www.erudit.org/fr/


https://apropos.erudit.org/fr/usagers/politique-dutilisation/
https://www.erudit.org/fr/
https://www.erudit.org/fr/
https://www.erudit.org/fr/revues/aor/
https://id.erudit.org/iderudit/aor3_2art06
https://www.erudit.org/fr/revues/aor/2008-v3-n2-aor3_2/
https://www.erudit.org/fr/revues/aor/

7
G
Algorithmic Operations Research Vol.3 (2008) 175-185

Optimizing Chemotherapy Scheduling By Iteratively Solving a Recurrence
Equation

Hui Jiang
Institute for Computational and Mathematical Engineeri&tanford University, USA.
Yifan Liu®
Department of Systems Engineering and Operations Resdaegrge Mason University, USA
Zheng Su

Genentech Inc, USA

Abstract

We illustrate how an iterative method and the idea of reaureecan be employed to optimize chemotherapy scheduling.
We take the density of host and cancer cells as the stategiamdt minimizing the treatment period for each state. We
derive the equation satisfied by the optimal values of theabivje function at different states. The theorem of extgten
and uniqueness for the solution to this equation is proved, some important properties of the optimal values of the
objective function are presented. The optimal treatmehedule can be derived directly from the optimal objective
function values at different states. We use an iterativehateto solve the equation numerically. Some ideas to further
enhance the model are discussed.

Key words: chemotherapy scheduling; recurrence equation; iteratisthod

1. Introduction ferent objectives are introduced. For example, among
the extensive effort in the theoretical investigation of
With the development of new drugs or treatment ap- cancer chemotherapy control methods, Cox et. al. [3]
proaches, a fast growing number of different protocols and Swan [4] measure the treatment both by the overall
for cancer treatment are coming into use. Although the toxicity it induces and by the overall number of cancer
limited human and financial resources for clinical trials cells throughout the entire treatment period, while Mur-
prohibits the optimal protocols from being determined ray [5] aims at minimizing the tumor size while limit-
empirically, it is still necessary to suggest a priori im- ing toxicity by keeping the host cell population above
proved drug schedules, according to certain criteria seta given threshold.
by the physicians, such as life expectancy of a patient, \hile an analytical solution is found to the equa-
side effects, quality of life, time and cost of treatment, tjons in 3], [4] and [5], it is unobtainable in the gen-
etc. In this paper, we illustrate how an iterative algo- eral case of Pereira et. al. [6], in which an optimization
rithm can be applied in scheduling chemotherapy, which problem involving multiple drug chemotherapy is dis-
so far remains one of the most widely employed anti- cyssed. Instead, an iterative algorithm using Pontrya-
cancer therapy modes. gin’s maximum principle is employed. Another example
In past years, there has been much work on opera- of numerical methods is Athanassios [7], which consid-
tions research methods for ameliorating anticancer ther- ered tumor and white blood cells’ (WBC) responses to
apy. Wu & Zhu [1] is an example for radiotherapy, chemotherapy in an optimization problem. The problem
and Malinen et. al. [2] for surgery. Other operations re- searches a chemotherapy protocol which minimizes tu-
search literature is devoted to chemotherapy, and dif- mor load at the end of the first chemotherapy cycle and
minimizes toxicity to the WBC. The model consists of
ordinary delay differential equations, and the optimiza-
corresponding author tion is performed using nonlinear programming and nu-
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merical methods. ferent patients, and cell-cycle phase-specific schedul-
Agur et. al. did a series of work, which took into ac- ing. However, as discussed in section 6, all of these can
count cell-cycle dynamics of tumor and host cells [8]- be combined with our recurrence approach, so that the
[13]. Their work suggested that intermittent delivery of model can be further enhanced.
cell-cycle phase-specific drugs, at intervals equivatentt ~ The rest of the paper is structured as follows. In sec-
the mean cell-cycle time, might minimize harmful toxi- tion 2, we give detailed assumptions on the model and
city without compromising therapeutic effects on target derive the recurrence equation. In section 3, we study
cells. Some explicit general formulas and algorithms the properties of the optimal objective function values,
were presented in their work. The underlying theories and prove the theorem of existence and uniqueness of
of the existence of this resonance phenomenon are dis-the solution to thef(z,y) equation. In section 4, we
cussed in Dibrov et. al. [14], Webb [15] and Johnson et. introduce the iterative method to solve this equation nu-
al. [16]. Some other examples of work related to cell- merically. In section 5, we present the numerical results
cycle phase-specific optimization problems include but for a set of parameters, and compare our method with
are not restricted to Swan [17] and Swierniak [18,19]. the local search heuristic algorithm proposed by Agur
In this paper, we use recurrence to describe the min- €t-al- [13]. Finally in section 6, we discuss how other
imum treatment time. The main idea is as follows. We detailed issues can be incorporated to modify our model
consider the density of host cells and tumor cells, which 1N our future work.
are written agz, y). Instead of searching for the best
treatment schedule for each, y) separately, we regard 2 Modeling the Minimum Treatment Time
each(z,y) as a state of a dynamic system, and define
f(z,y) as the treatment time needed for a patient at  |n our model, we consider the density of two types of
state(x, y), if an optimal schedule is employed. There- cells, the host cells and the tumor cells, denoted asd
fore, f(z,y) is essentially the optimal value of our ob- . By choosing a suitable unit, we can assume- 1
jective function, which corresponds to the optimal value for a normal person without cancer. Also, we assume a
of the decision variable, that is, the treatment schedule person will die when the host cell density falls below a
sequence, fofr, y). TakeAt as the shortest time inter-  certain level:; < 1. Similarly, we can choose a unit for
val in reality during which chemotherapy is applied or tumor cells, so thaj is at a comparable magnitudeito

not. If a patient is at stater, y) at timet, then att + At, Also, we assume the person is cured whdalls below
the patient should move to state,, y.) if chemother-  a constanty., and terminal whery increases above a
apy is applied during thigt, or to state(xs, y2) if not. constant,. Chemotherapy is scheduled fay < z < 1

The relation amond (z1, y1), f(z2,y2) and f(z,y) is andy. < y < ya.

therefore established in an equation. Moreover, by set- While scheduling chemotherapy treatment, we need
ting f to zero when tumor density is below a certain to decide whether to apply the treatment at any time.
level, which means cured, and settifigp infinity when However, in reality, treatment should be applied contin-
tumor density is over a level or host density is below yously during at least a certain period, say, one hour or
a level, which means terminal, we set up the bound- a couple of hours, and we cannot switch between treat-
ary values for the equation. Solving this equation, we ment and no treatment too frequently. Therefore, we
can obtain the minimum treatment time required for all assume a constartt, which is the minimum time in-

states. Also, by studying the relation among fheal- terval required in reality for continuous treatment. Sup-
ues of the states, we can retrieve the optimal treatmentpose we start at time = 0, then we need to decide to
schedule, i.e., to apply chemotherapy or not during a administer treatment or not for time intervédst 4+ At),
sequence ofAt time intervals. (t + At t + 2At), (t + 2At,t + 3At), ... If we let 1

We first prove the theorem of existence and unique- stand for treatment and O for no treatment, we are es-
ness of the solution to the equation féfx,y), and sentially searching for the optimal 0-1 sequence, such
study some of the properties of this equation, then solve as 1100101100...
it numerically. To emphasize our main point in the re- Suppose at = 0 the density of the cells areandy,
currence, we temporarily simplify other detailed aspects then at timeAt the density should depend on whether
of the chemotherapy model, such as the dose amount ofthere was treatment during thist. Suppose the density
chemotherapy, the probabilistic model for moving from of the cells arex(®) andy(? in case of no treatment,
state to state, individualization of the parameters for dif andz(!) andy" in case of treatment. We define the
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increment functions as ented to the tumor, and hence has stronger effect on
0 0 0 0 the tumor than on host cells. Also, the more cells
AVr =" -z, Ay =y~ —y,1=0,1 there are, the more effect the chemotherapy has on

Finding the accurate expression of the increment them._Due to these fact;, botkl")z and Ay are .
functions Az, A®y, Az and AWy lies in the negatlve,.and both of their absolute values should in-
field of biology and oncology, and is not the interest of creasg withy :?m_dy_. ) ]

our paper. Our goal is that, given the increment func- e aim at minimizing the treatment time for each
tions, we find the optimal chemotherapy schedule. As (%,¥) by choosing the best schedule. We regrdhe

will be shown in the next section, our method will work ~ {ime needed to cure a person with cell dengityy),

for all increment functions that satisfy the following @S @ function ofz, y and s, wheres is a sequence
natural assumptions in chemotherapy. of boolean variables. Suppose all possible choices of

e Az >0, AlOy > 0, which means in case of no construct a sef, then we are essentially solving

treatment, the density of cells cannot decrease due to
cell growth. min Tz, y, 5),

e AWz < 0, AWy < 0, which means during -
chemotherapy treatment, the density of cells will not for each pair(
increase due to the effect of drug.

o If 1 < xo, thenz; + A(l)l'l < o + A(l)xg, ie.,
:vgl) < :vél), for! =0, 1, and similarity for tumor cell
densityy. This means at the beginning of a period
At, if state 1 has fewer cells than state 2, then given
the same treatment choice during the time interval,

x,y) which satisfiest; < = < 1 and
Ye <Y < Yd.

However, the enormous size Sfprohibits direct so-
lution, and the problem in some cases might be NP-
complete [13]. Fortunately, we are more interested in
the optimal value of" instead of the functiofi’ on the

state 1 will still have fewer cells than state 2 at the whole OfS'.
end of this interval. If we define
Besides these assumptions, research also shows some
other properties (listed below) regarding the monotonic- f(z,y) =minT(z,y,s),

) ! ) 4 ) S
ity of the increment functions, which are not required to e

prove our theorems in the next section. However, while ie.f

presenting the numerical results, we choose some in- o state(z, ) if the optimal schedule is employed, then

crefm:nt functions that Sat's?]’ theﬁedprop_eruisg — build up the relation of for different states in
» Ifthere was no treatment, then the density of both host ¢ foliowing way.

cells and tumor cells should increase, but the increas-
ing speed varies. For tumor cells, it is well-known
that they grow very fast, for example, geometrically
or exponentially, i.e., the more tumor cells, the faster
they grow. ThereforeA(®y should increase witly.

e Host cell density, on the other hand, can never ex-
ceed its normal level, which is assumed to be 1 in
the suitable unit, and research shows that whes
small, it grows somewhat like a tumor, but when
is approaching 1, it grows more and more slowly.

(z,y) is the shortest possible time to cure a patient

Suppose a patient is &tr,y), then in the follow-
ing time interval At, the density of cells may go
to (z(©,y©) if no chemotherapy is applied, or to
(), y(M) if there is chemotherapy treatment. Then
from these two states, if optimal scheduling is employed
thereafter, the shortest treatment time @fe(©), ()
and f(zM), y(M) respectively. SinceAt has elapsed
while moving from(z, y) to either of these two states,
by optimality of the functionf(z,y), we have the

ThereforeA(©z should first increase asincreases, relation
then reaches its maximum at somg, and then de- ) ©) . (0) W 1)
crease to zero asapproaches 1. In any cask(®) z f(xy) = min(f (@™, y™), (@, 90) + At.
should be smaller thah — z.
o If treatment was applied during\¢, the density of Moreover, for those already cured, the time needed

both host cells and tumor cells should drop rapidly, is obviously zero, and for those terminal, we can as-
since the drug strongly reduces the growth of cells. sume the time needed is infinity, i.e., can never be
However, the drop of tumor is much faster since the cured. Therefore, we reach our equationf@r, y) with
drug involved in chemotherapy is supposed to be ori- boundary values as follows
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definition thatfo(z,y) > 0 and fo(z,y) > fi(z,y). If
we haVefk(I,y) > 0 andfk('rvy) > fk+1(xay)’ then

min(f (2@, y @), f(zM),y V) + At, for
B rg<zx<landy.<y<uyqg
flz,y) = 0, forzg <z <1land0<y<y. fryo(z,y) = min(fk+1(w(0),y(0))7 Jrr1 (x(l)ay(l)))+At
00, for0 <z < wqor y > ya <min(fi(«©,y @), fi(,yM)) + At
(1) = fr+1(z,9).

For those who are neither terminal nor cured, the time
needed should be either infinity (impossible to cure) or Also,
a multiple of At, which means we are seeking a solution . 0) (0 1y A
to (1) which iskAt everywhere infz4, 1] X (Ye, yal, Jrra(@y) _m?n(fk(x( L), ful@™y ™)) + At
wherek € Z* or co. We define this kind of solution as =z min(0,0) + At > At > 0.
a “regular solution”. Therefore, we proved that for each, y), fi(z,v) is
a monotonically decreasing sequence, while bounded

3. Properties of the Solution to the Recurrence below by 0, hence will converge agoes toco. Define

Equation fla,y) = lim fi(z,y),
Since we need to mathematically solve equation (1)

to getf(zx,y), it is important to know, regardless of the

biological meaning of it, whether there exists a solution

then forz, < z < 1 andy. < y < yq, take the limit
on both sides of equation (2), we can get

to equation (1), and if so, whether the solution is unique. min(f(z©, y®), fzD, yD)) + At
We have the following theorems, the proofs of which oy < "+ < 1and y "< Y < ya ’
lead to the algorithms. F@9) =90 forem <z <1and0<uy <1
Theorem 1 There exists a regular solution to equation O;) for 8 <g< 24 OF y ;;{1_ Ye
(1). ’ o B

Proof. The main idea of the proof comes from the value So the only thing left to prove for existence is that
iteration algorithm, but here we are dealing with the case f(z,y) is eitherco or kAt, for z4 < z < 1 andy,. <
of continuous states. We iteratively define a sequence ofy, < y;, but this can also be easily obtained via induction
functionsf; and prove they will converge to a function, gn fi(z,y). As fo(z,y) can only be0 or oo, fi(x,y)

which is the solution to equation (1). Define can only beAt or oo in this region, etc.m
Theorem 2 The regular solution to equation (1) is
f(xy){o, rg<r<land 0<y <y, unique
[OAC) - )
00, 0=z <xq Or Yy>y. Proof. Suppose there were two different regular solu-

tions to equation (1), denoted h¥(z,y) and g(z,y).
From boundary value 0 ansb, f andg can only be
different whenz; < z < 1 andy. < y < yq. Suppose

And fori = 1,2, ..., define

min(f;_1 (2@, @), f;_1 (=™, yM))+ ata certain(z, y) in this region,f (z,y) < g(z,y), then
fiy) = At, zg<z<landy.<y<uya f(z,y) < oo, assumef(z,y) = kAt, wherek is a nat-
i\, Y) = 0, forzg<az<land0<vy <y, ural number.
00, for0 <z < zgo0ry>yy Since bothf andg are solutions, we have
(2) () (0 e
We show that for every andy, f;(z,y) > 0, and f(a,y) = min(f (@2, y @), fa, M) + At,

filz,y) = fiy1(z,y).
In the area wher® < z < x4 Ory > yq, fi(z,y) is
defined constantly aso, and in the area where; < 2. ) = min(a(z© 4© 2D MY £ At
r <1land0 <y <y fi(z,y) is defined constantly as 9(zy) (9, y70), 9(=,y) '
0. Hence both non-negativeness and monotonicity hold without loss of generality, assumg(z(® y(©) >

for these two cases trivially. f(zM, ™), and denotéz™), y™M) with (z', '), then
For the case where; < z < 1 andy, < y < ya,
we can show it by induction. Far= 0, it is trivial by flx,y) = f(2',y) + At,

and
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which means
f@'y) = (k—1)At.
On the other hand,

g(2',y') > min(g(z @,y D), g(2',v))

:g(x,y) — At
> f(z,y) — At
=(k—-1)At.

Therefore, starting fronjz,y) where f(x,y) = kAt
andg(x,y) > kAt, we move to another poirite’, y')
wheref(z',y") = (k—1)Atandg(z',y") > (k—1)At.
Then do the same thing from poifit’, y’), and repeat
this for k& times, we can finally reach a poiftt*, y*)
where f(z*,y*) = 0 while g(z*,y*) > 0. However,
since f is a regular solution, it can only be zero for
g < x* < 1land0 < y* < y., sog(z*,y*) = 0,
which results in a contradiction. Therefore, the regular
solution to equation (1) must be uniqum.

Since equation (1) and the regularity condition sat-
isfied by f(z,y) are derived from the optimality of
T(z,y,s), now that we have proved the existence and
unigueness of the regular solution to equation (1), we
can from now on regard the regular solutiffx, y) and
minges T'(z,y, s) as the same thing.

A typical chemotherapy schedule involves both
period of treatment and non-treatment. Tumor cells
are killed during the treatment, while host cells are
also killed to some extent. Therefore, we need a non-
treatment period from time to time to let the host
cells grow back to an acceptable level. However, if we
choose the optimal schedule, we know intuitively that,
given the same host cell density level, the more tumor
cells, the longer it takes to cure the patient. On the
other hand, given the same tumor cell density level, the
fewer host cells, the longer it takes. These two points
can be stated and proved in the following theorems.
Theorem 3 Given Vz € (z4,1], if y1 < y2, then
Flx,m) < fla,ys).

Proof. If f(xz,y2) = oo, thenf(z,y1) < f(x,y2) holds
trivially. If f(x,y2) < oo, say, f(z,y2) = kAt, where
k is a natural number, then according to the definition
of f, there exists an optimal schedufec S, such that

f(iU,yz) = T(,T,y278*) = mlgT(xay%s) = kAt.
sE€

and during thesé periods, host cell level never drops
below x4, while at the end of théth period, tumor
level goes toy, which is belowy,., so that it can be
considered cured.
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Now starting from state(z,y;), and following
the same schedulg*, from the assumption that
y1 + AWy < yo + AWy, if 4y <y, after each time
period, the host cell level will be the same as if we
start from state(x, y2), while the tumor level should
reach a level lower than that from state, y2), since
11 < ys. Therefore, during thesk periods, host cell
level will never drop belowz,, either, while at the
end of thekth period, tumor level drops tg;, which
satisfiesy; < y5 < ye.

Therefore, statéz,y;) can also be cured aftérAt¢
following schedules*, and we can conclude the op-
timal treatment time for(x,y;) is at mostkA¢, i.e.,
flap) < fla,yz). ™

Similarly, we can prove a parallel result,

Theorem 4 GivenVy € (ye,ya), If 21 < x9, then

f(w1,y) > f(22,9).
Proof. Omitted. m

4. Algorithms

The proposed approach for scheduling chemotherapy
consists of two steps. The first step is to numerically
solve equation (1) to get the optimal treatment time
f(z,y), and the second step is to determine the 0-1
sequence fronf(z,y) of the whole domain.

In the proof of the existence of a solution, we con-
structed a solution by forming a sequencefofx, y)
and taking the limit of it. The numerical algorithm is
based on the same idea. Howevk(y, y) is defined on
the whole domain af andy having uncountable points,
which makes it impossible to implement directly. What
we need to do is mesh the domain into a finite number
of grid points, and update the value pon the grid. If
(z,y) moves to a non-grid point afteék¢, we use linear
interpolation from the value of its 4 nearby grid points
as the value of (z + AWz, y + Ay). The interpola-
tion may violate the regularity condition which requires
the solution to be a multiple oA¢. However, we may
round the converged solution off to the closest integer
after the algorithm terminates.

We set the whole domain of intere® as x €
[©min, 1] @ndy € [Ymin, Ymaz|- HEI€ Tpir, 1S chosen
somewhat smaller thang, y,,;, smaller thany. and
Ymaz larger thany,, such that we can ensure any state
(z,y) within the region[z, 1] X [y, y4] will not move
out of [Zymin, 1] X [Ymin, Ymaz] after a time intervalAt.

We meshD with step sizedx and dy. Let M =
(I1=2min) /0, N = (Ymaz — Ymin) /0y, then the whole
domain is meshed t¢x;,y;) as grid points, fori =
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0,1,...,M, 57 = 0,1,..., N. By adjustingz.,.in, Ymin
andy,,...., wWe can assumey, y. andy, are on the grid
points, i.e.xq = Tmin + k2,02, Yo = Ymin + Ky, 0y
andyq = Ymin + ky, 9y, wherek,,, k,, andk,, are

natural numbers. Then we can construct a sequence of

f values on the grid points according to the proof of
existence of the solution; the main idea is illustrated in
Figure 1 and the detailed implementation is summarized
in Algorithm 1.

After f(z;,y;) are determined, we can find out the
optimal chemotherapy schedule for afay y), by iter-
atively comparingf (z(?,4() and f(z(",y("), and
store the 0-1 schedule in an array denotedb¥his is
illustrated in Algorithm 2.

If f(z,y) = oo, and we report that the patient cannot

Jiang, Liu, and Su—Optimizing Chemotherapy Scheduling

number of host cells can at most double after each life
cycle, and

x+1
2x

At

Dk

2 = z(min(2,

In case of chemotherapy, we simply assume a fraction
ap, and o, of t;, andt. will be deducted, so that the
total density will decrease,

At

)1 —an))™,

r+1

Y = z(min(2,

At
te

y(l) =y(re(l —ac))

We carry out our experiment for two example sets of

be cured, it does not mean that we should give up treat- parameters listed in Table 1. For simplicity, we take the

ment. Instead, we shall aim at maximizing the survival
time before death. This can be achieved by defining an-
other function of the survival time &6’(z,y, s), and

the optimal survival time as

axT'(z,y,s).

g(x,y) = ma

Then similar tof (x, y), we can have the dynamic equa-
tion for g(x,y) as

g9(z,y) = max(g(z¥,y(0), g(=M, yM)) + At,

forzg <z < 1andy. < y < yq, and sely(z,y) =
0 for those dead ang(z,y) = oo for those cured.
Then, following the same steps in previous sections,

we can also construct the theorems and algorithms for

the optimal survival time, for which we omit the details
here.

5. Numerical Results and Comparative Studies

In this section, we first demonstrate the performance
of the proposed approach for a set of increment func-
tions given as follows.

In case of no treatment, the tumor cells grow expo-
nentially as

At
y O =yrée,

wherer, is a constant, and. is the length of the life
cycle of tumor cells.

The host cells also grow exponentially with as the
length of the life cycle. However, the basgis no longer
a constant ag.. Since the host cells density cannot
grow beyond 1, following the assumptions in section 2,
we can construct;, = min(2, 12—*3‘61), which means the

time unit asAt = 1.

If we choose our grid size a& = 0.001 andé, =
0.001, using Algorithm 1, we can get the optimal treat-
ment time for the whole domain of our interest. Neglect-
ing those states that are incurable, we have the results
shown in Figure 1.

Following Algorithm 2, we give our optimal treat-
ment time (OTT) and optimal chemotherapy scheduling
0-1 sequence for various, y) states listed in Table 2.

We can see from the results that more frequent
chemotherapy treatment is required in example 2 than
in example 1. This is because the drug is less effective
on tumor while having more impact on host cells, i.e.,
smallera,. and largetoy,.

To illustrate the advantages of the proposed approach,
we compare it with the local search heuristic algorithm
proposed by Agur et.al. [13], the most recent work on
optimizing chemotherapy scheduling. Their multiple-
start local search algorithm searches for a locally opti-
mal treatment schedule that maximizes a well-defined
fitness function. The fitness function is mainly com-
posed of three parts, which depend on the cell density,
the index of whether the patient is cured, and the time
of cure. The algorithm divides the life-cycle of a cell
into critical and non-critical phases. By setting the crit-
ical phase to be the whole life-cycle, this algorithm and
our proposed approach are comparable for the same set
of parameters as in Examples 1 and 2, and the compar-
ative results on optimal treatment time are summarized
in Table 3.

From Table 3, we can see that for half of the 12
cases considered, both approaches achieved the same
optimal treatment time. For the other 6 cases, especially
for cases in which it takes a relatively longer time to
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Figure 1. Flowchart for Algorithm 1

Algorithm 1 Algorithm for Optimal Treatment Time.

setAt, tolerance anderror > tolerance;
fori=0tok,, orj==%k, +1toN do

f(wi,y;) = oo;
end for
for i =k,, +1to M andj =0tok,_ do
end for

while error > tolerance do
fori:kmd+1toMandj:kyc+1tokyd—1d0

Interpolatef () 1/ 0>) andf( ), y(D) from the f-values on nearby grid points;
Jrew (@i, y5) — mln(f( ©,y 0)), F@®,y0) + At;
end for

error — max; ; f(xi, ;) — frew(®i, Yj);
[ frewfori=0,...M,j=0,...,N;
end while

cure a patient, our proposed approach was able to iden-pair of (z,y), the local search algorithm needs to be
tify significantly shorter treatment schedules than those implemented over multiple starting points to identify
achieved by the local search algorithm. the optimal treatment schedule. Our proposed approach,

, i on the other hand, only needs to implement Algorithm
Moreover, regarding the computational cost, for any
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Algorithm 2 Algorithm for Optimal Scheduling for stater, )

Interpolatef (x, y) from the f-values on nearby grid points;

if f(z,y) = oo then
report the result as cannot be cured;
else
initialize S;
period «— 0;
while f(z,y) # 0 do
period «— period + 1;

Interpolatef (2(*), y(©) and f(z(*), 4(1)) from the f-values on nearby grid points;

if f(x(o)’y(o)) > f(x(l),y(l)) then
(z,y) — (W, yD);
S(period) «— 1;
ese
(z,y) — (@, yO);
S(period) «— 0;

end if
end while
end if
Table 1
Parameter Description Example 1 Example 2
At smallest chemotherapy interval 1 1
te tumor cell life cycle 28 28
th host cell life cycle 8 8
Te tumor cell growth constant 2 2
Qe tumor cell deduction percentage in chemotherapy 0.998 0.95
ap host cell deduction percentage in chemotherapy 0.3 0.55
T4 host cell density level for death 0.8 0.4
Ye tumor cell density level for cured 0.2 0.2
Yd tumor cell density level for death 4 4

Parameters used for numerical experiment

1 once to achieve the optimal treatment time over the cells and is computationally tractable. Theoretical stud-
whole region, which greatly reduces computational cost. ies, simulation results as well as comparative studies

Notice that, for any giverx, y), Algorithm 2 can iden-
tify the optimal treatment schedule with negligible com-
putation time.

6. Conclusions and Discussions on Model Enhance-
ment

demonstrate the proposed approach to be promising.
In previous sections, to illustrate the main idea, we
simplified the chemotherapy model by neglecting some
details such as the dose amount of chemotherapy, prob-
abilistic moving from state to state, individualization
of the parameters for different patients, and cell-cycle
phase-specific scheduling. In this section, we show how

Optimization methods have recently been employed OUr model can be enhanced to incorporate these points.

to identify optimal chemotherapy scheduling, which is

a problem of great importance and thus needs to beg 1. Choice of Dose Amount
adequately addressed. We developed an iterative ap-

proach for optimizing chemotherapy scheduling, which

So far, while scheduling chemotherapy, we have

can incorporate any growth model for host and cancer only considered two choices, treatment or no treatment.
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Exampls 1 Exampl= 2

8 848

cptimal treatmant fime (in unitaf 4 1:|
cptimal traatment fime (in unitaf A 1:|

heisleall 08 o tumear c=ll izt el o4 a tumar ol
damr=sity da rsity dansiy density
Figure 2. Graphical Results on Optimal Treatment Time
Table 2
Example (z,y) OTT  Optimal Chemotherapy Schedule
1 (0.9,0.5) 13A; 1110001001001
(0.9,1.0) 30A; 111001001000100100010010010001
(0.9, 3.0) 57A; 1110010010001001000100100100010010001001001000000001
(0.95,0.5) 6A; 111101
(0.95,1.0) 23A; 11110100010010001001001
(0.95,3.0) 51A; 111101000100100010010010001001000100100100010001001
2 (0.65,1.5) 38A; 11111111101101101101101101101101101101
(0.65,2.5) 48A; 111111111011011011011011011011011011011011011011
(0.65,3.5) 56A, 111111111011011011011011011011011011011011010110010
(0.85,1.5) 35A; 11111111111101101101101101100111011
(0.85,2.5) 47A, 11111111111101101101101101101101101101101101101
(0.85,3.5) 54A, 111111111111011011011011011011011011011011011001011

Results on Optimal Treatment Schedule

However, for the choice of treatment, the dose amount can reach a similar recurrent equation to the one in (1),
can sometimes vary. Although theoretically, the dose

amount can be a real number, in practice it can only be  f(#,y) = min f(z + AWz, y+Aly) + At,

a multiple of a smallest unit. For this reason, we can

assume the dose amount= 0,1,2,...,n in the suit- for the corresponding region af andy. The theorem
ably chosen unit, where is the largest allowable dose on the existence and uniqueness of the regular solution
amount to be used for a patient. Then instead of a 0-1 still hold with the same proof. The algorithm just needs
choice at eacliz, y), we are facing: + 1 choices of, to be changed slightly according to the new equation.
with I = 0 standing for no treatment. Usk®z, A1)y

to denote the cell density increment in the correspond- 6.2. Probabilistic Moving among the States

ing case, and follow the same reasoning in section 2, we
By assuming cell density moves frofm, y) to (x +

AWz y+ AWy) during At with dose amourtt, we are
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Table 3
Example (z,y) Algorithm 1 & 2 Local Heuristic Search Algorithm
1 (0.9,0.5)  13A; 13A;
(0.9,1.0)  30A; 304,
(0.9,3.0)  5TA; 684,
(0.95,0.5)  6A; 64,
(0.95,1.0) 23A, 247,
(0.95,3.0)  51A; 58A;
2 (0.65,1.5)  38A; 384,
(0.65,2.5) 48A, 49N,
(0.65,3.5)  56A; 594,
(0.85,1.5)  35A; 354,
(0.85,2.5)  ATA; 47N,
(0.85,3.5)  54A; 550

The Optimal Treatment Time Achieved through the Proposemio&ph and the Local Search Algorithm in [13]

essentially assuming this were a deterministic move- and tumor) to 4 (host and tumor, in critical and non-
ment from one state to another. However, in reality, critical phases). More specifically, at a certain time, we
there are many other factors affecting the changing of have a 4-dimensional vectdx,,, z, ., y») t0 denote
cell density, which means there is much randomness inthe cell densities for both the host and tumor cells in
Az and AWy, critical and non-critical phases. Then assume after time
Due to this randomness, we change our definition of periodAt, it moves to stat¢x!,, z;, v, y;). We can get
f(z,y) to be the optimal "expected” time to cure, and parallel results as we did in previous sections.
reconstruct our recurrent equation, taking probability
into account. In general, suppose at statey), after

. . ! 6.4. Individualization
a periodAt with treatment level, the state will move

to (z',y’) with probability density functiop® (z’,3"), Typically, the parameters in the density increment

then we can derive our new equation as functions such as\(©z should vary from person to
person. At the very beginning of the chemotherapy, we

f(z,y) = l:I{linn/D F@ ) (@ y)da' dy' + A, can only use the average parameters at hand. During

the chemotherapy treatment, we can test the cell den-
whereD is a suitable region for the integral. We can ity |evel for the patient from time to time, and then
therefore modify our algorithm according to the given agjust the parameters. Statistical methods can be em-
p(a’,y). If the solution space is discretised, we may ployed to achieve this. Each time when the parameters

employ Blackwell's theorems for stochastic dynamic are changed, we need to resolve our equations for better
programming to prove the existence and uniqueness ofscheduling.

the solution.

6.3. Cell-cycle Phase-Specific Scheduling Acknowledgments

As discussed in [13], the effect of the drug used in  We thank the two anonymous referees for their in-
chemotherapy on the cell growth also depends on the sightful comments and suggestions, which have led to
phase during the cell-cycle. Both host and tumor cells an improved paper.
are assumed to be sensitive to the chemotherapeutic
agents in only a few of the cell-cycle phases, which
are defined as critical phases. Due to this reason, cell- References
cycle dependent chemotherapy is shown to favor peri-
odic treatment. [1] Wu, X., Zhu, Y. (2001) A global optimization method

We can incorporate this point into our model by in- for three-dimenstional conformal radiotherapy treatment
creasing the dimension of the state space from 2 (host planning. Phys. Med. Biol46, 107-119.



(2]

(3]

[4]

[5]

(6]

[7]

(8]

9]

Jiang, Liu, and Su—Algorithmic Operations Research VA@8) 175-185

Malinen, M., Huttunen, T., Kaipio, J.P. (2003) Thermal
dose optimaization method for ultrasound surgétyys.
Med. Biol. 48, 745-762.

Cox, E.B., Woodbury, M.A., Myers, L.E. (1980) A new
model for tumor growth analysis based on a postulated
inhibitory substanceComput. Biomedical Re43, 437-
445,

Swan, G.W. (1987) Optimal control analysis of a cancer
chemotherapy probleml. Math. Appl. Medicine Biol.
4171-184.

Murray, J.M. (1990) Optimal control for a cancer
chemotherapy problem with general growth and loss
functions. Math. Biosci.98 273-287.

Pereira, F.L., Pedreira, C.E., De Sousa, J.B. (1994)
A new optimizaion based approach to experimental
combination chemotherap¥rontiers Med. Biol. Engrg.

6 257-268.

Athanassios, |., Barbolosi, D. (2000) Optimizing drug
regimens in cancer chemotherapy by an efficacy-toxicity
mathmatical modelComput. Biomedical Res33 211-
226.

Agur, Z. (1986) The effect of drug schedule on
responsiveness to chemotheragnn. Acad. New York
Sci. 504 274-277.

Agur, Z., Arnon, R., Schechter, B. (1988) Reduction of
cytotoxicity to normal tissues by new regimens of phase-
specific drugsMath. Biosci.92 1-15.

Received 24 January 2007; revised 25 June 2007; accepted 2

November 2007

185

[10] Cojocaru, L., Agur, Z. (1992) Theoretical analysis of
interval drug dosing for cell-cycle-phase-specific drugs.

math. Biosci.73 1-31.
[11] Agur, Z., Dvir, Y. (1994) Use of knowledge ofip, }

series for predicting optimal chemotherapy treatment.

Random and Comput. DynarR.279-286.
[12] Ubezio, P., Tagliabue, G., Schechter, B., Agur, Z. @99

Increasing 1-b-D-arabinofuranosylcytosine efficacy by
scheduled dosing intervals based on direct measurement

of bone marrow cell kinetic<Cancer Reb4 6446-6451.

[13] Agur, Z., Hassin, R., Levy, S. (2006) Optimizing Chemo-
therapy Scheduling Using Local Search Heuristics.

Operations Researh829-846.
[14] Dibrov, B., Zhabotinsky, A., Neyfakh, Y., Orlova, M.,

Churikova, L. (1985) Mathematical model of cancer
chemotherapy. Periodic schedules of phase-specific
cytotoxic-agent administration increasing to selegtivit

of therapy.math. Biosci.73 1-31.

[15] Webb, G.F. (1990) Resonance phenomena in cell

population chemotherapy modelRocky Mountain J.
Math. 20 1195-1216.
[16] Johnson, M., Webb, G.F. (1996) Resonances

in

age structured cell population models of periodic

chemotherapylinternat. J. Appl. Sci. Compu® 57-67.

[17] Swan, G.W. (1990) Role of optimal control theory in

cancer chemotherapwath. Biosci.101 237-284.

[18] Swierniak, A. (1995) Cell cycle as an object of control.

J. Biol. Systems3 41-54.

[19] Swierniak, A. (1996) Optimal control problems arising

in cell-cycle-specific cancer chemotheraell Prolif.
29 117-139.



