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An Indian Sine Table of 36 entries

Michio Yano

Kyoto Sangyo University

1 INTRODUCTION

TRIGONOMETRY IS AN INDISPENSABLE TOOL of Indian mathematical astronomy. The
concept of trigonometry originated in Greece and it was transmitted to India
together with astronomy. The Greek concept of a chord was skilfully changed into the
Indian sine." The earliest Sanskrit text that deals with the sine function is the Aryabhatiya
of Aryabhata (b. 476 cg).> Twenty-four sine differences (K; in Table 1) in minutes are
given here by Aryabhata’s own method of expressing numbers.> The radius (R or
singo°*) of the table is 3438 minutes. The first arc 225 in minutes was regarded as equal
to its sine (J; = K, ). By adding K; successively we get
sina;(= J;)

Due to Aryabhata's method of successive approximation,® five values, i.e. J, 70 Jx6: T
and J;g (underlined in Table 1), are off by one minute from the geometrically computed
correct values, but Aryabhata’s numbers were faithfully preserved in the Siiryasiddhanta,
and we find the same values of K; and J; in the Chinese text Jiuzhi li (JLEV&, 718 cE)
during the Tang Dynasty.® This type of sine table with 24 entries was standard.

In Table 2 I have summarized different kinds of sine tables before the time of Madhava
(fl. 1380). In the last column I have added table numbers from Pingree (1978).

2 GARGASAMHITA

IT IS NOTEWORTHY, therefore, that a text entitled Garqasamhiti (GS) offers a sine table of
36 entries in a quadrant. On this strange text I contributed “The Gargasamhita: One

1 Toomer (1973) claimed the use of a chord table
(with 2R = 6875") by Hipparchus, but later he
cast doubt on his claim (Toomer 1984). Klintberg
(2005) throws doubt on the origin of the Indian
sine in the Greek chord, criticizing Toomer’s argu-
ment. See also van Brummelen (2009: 43, n. 30).
But I would like to propose that Sanskrit term jiva
is from the Greek word Biog (bids, bow) which, by
the shift of accent, becomes Biog (bios, life).

2 Pingree (1967-8) argued that the Paitamaha-
siddhanta of the Visnudharmottarapurana predates

the Aryabhatiya. But 1 do not agree with this view.
3 Aryabhatiya 1.12:
FHfh-fhea |

Efh-fhy- g vfh-fFa- -3 ea-§-0--3-

<

AT
4 Tuse capital S to express R sin.
5 See Hayashi 1997.
6 See Yabuuti 1979.
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i a; K J; versing;
1 3,45 225 225 7
2 730 224 449 29
3 11,15 222 671 66
4 1500 219 890 117
5 18;45 215 1105 182
6 22,30 210 1315 261
7 26/15 205 @ 354
8 3000 199 1719 460
9 3345 191 1910 579
10 37;30 183 2093 710
11 41,15 174 2267 853
12 45;00 164 2431 1007
13 48,45 154 2585 1171
14 52;30 143 2728 1345
15 56;15 131 2859 1528
16 60;00 119 2978 1719
17 63;45 106 @ 1918
18 67;30 93 3177 2123
19 71,15 79 3256 2333
20 75,00 65 3321 2548
21 78,45 51 3372 2767
22 8230 37 3409 2989
23 86;,15 22 3431 3213
24 90,00 7 3438 3438

Table 1: Aryabhata’s K;

43

of the Texts of Jyotihsastra Ascribed to Garga” as section 5 of the joint paper “Garga
and Early Astral Science in India” published in this journal (Geslani et al. 2017:173-82).
Since my contribution was only a very brief summary of the text, I would like to offer

here a more detailed account.

The text of the GS is preserved in a single manuscript belonging to VVRI in
Hoshiarpur, Panjab, MS Hoshiarpur VVRI 2069, written in the Malayalam script. I
first worked on the text with Prof. David Pingree in 1973. The manuscript we used is
a modern copy in Devanagari script possessed by Pingree. After a long interruption, I
recently I resumed the work. The manuscript is full of mistakes and some verses do not
allow reasonable interpretation. The Sanskrit text I am preparing is only provisional.

Our present topic is discussed in Chapters 7, 8 and 10 of the GS.

Chapter 7 begins with the reason why the sine function is needed. I quote GS 7.4-6

(verse numbering is my own):

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51
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Date i R Sources DSB
499 earliest 24 3438 Aryabhatiya (ca. 499), Jiuzhi-li (718), V.6
Siirya-siddhanta (9th century?),
Siddhantasiromani (12th cent. with
corrections)
ca.550 24 120 Paficasiddhantika of Varahamihira II.20
628 24 3270 Brahmasphutasiddhanta of V.16
Brahmagupta
665 6 150 Khandakhidyaka of Brahmagupta
904 96 3437;44 Vatesvarasiddhanta of Vatte$vara
966 9 200 Karanatilaka of Vijayananda VIIL.13
ca.1050 24 3415 Siddhantasekhara of Sripati V.33
ca.1092 6 120 Karanaprakasa of Brahmadeva V127
1281 6 43 Vikyakarana of anonymous author VL33
fl.1380 24 3437;44,48 Madhava quoted by Nilakantha

(Sambasivasastri 1930-57:v. 1, 55)

Table 2: Different Kinds of Sine Tables

7.4 By their power, the sky-moving (planets) never move uniformly there
(in their orbit). Sometimes they move slowly, (sometimes) swiftly, likewise
(sometimes) retrograde.

7.5 Thus they have different motions. Without correction, O twice-born, all
the planets would not come to (the position) equal to observation.

7.6 Therefore (I will explain), in the beginning, the division of sines which is
the means of its accomplishment [and ] which was produced in the old time
on the sky having an evenly round form.”

Then our text (GS 7.7) says that the circumference of a circle is 21,600 minutes and

the diameter is 6877 minutes.

8

GS 7.8-10 mentions some other possible divisions of

a quandrant besides 24, i.e. ‘its half’ (48) and “its half” (96). The division of a quadrant
into 96 equal parts is attested in the Vatesvarasiddhanta as shown in Table 2.

The first half of GS 7.11 says that chord 60° is the radius of a circle.? But the second
half abruptly changes the topic and says:

[The minutes] of the Chord of 1/18 th [of a circle] are [those of its] arc di-
minished by its own 200th part.*®

7 TERNCE=IES 9 HHEARTT: |
FEIA T : JMER T TR (7.4)
gl SRTeRTaEl o TSR |
STNUT T&T: G A = Tgpeddl STl ||(75)

TeEA ATFTAIG! STATTReaA T,

m@m@ﬁwu(yé)
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10 JARIEERTE  @EPERd ¥g: | (7.11cd)
Our manuscript is difficult to read, and I used Pin-

gree’s reading.



MICHIO YANO 45

This means: chord 20° = 1200(1 - ;10) = 1194’. Therefore sin 10° = 597’. The same value
can be obtained by the linear interpolation using Table 1:"'

(11;15 — 10) 222 X 75

671 — 222 X 225 =671 25 671 — 74 = 597
It is strange that the author explained the derivation in a different way. Chord 20° is
found again in GS 7.46—47 and GS 7.71. The use of chord is not common in India, where
usually sine or “half chord” (jivardha or jyardha) is used. It is possible that the author
of our text knew some Arabic sources. Anyway, this value of sin10° = 597’ is used as
one of the three starting points for the derivation of 36 sines (see below). From the
three starting points all the sines are derived, as GS 7.12ab says.'* For the derivation two
rules are used. One is to compute the complementary sine of a given sine. GS 17cd-18ab
defines the sine of the complementary arc (sampiirnajya), which is nothing but cosine
(kotijya):

7.17cd-18ab O inspired one, whatever is the result of the subtraction of that
(ie., the square of a sine) from the square of the radius, that is the comple-
mentary sine of the 36 arcs of the three signs.

J36-i = VR* =]} (1)

Another rule is to compute the sine of half arc. The wording of GS 7.14cd-15ab'4 is
not very clear, but it tells how to obtain versed sine (sayaka, “arrow”). Probably versed
sine was used in the following formula:

This means

\J? + Vers]?

2

Ji = (2)

The rule is not explicitly stated anywhere in our text, but a similar formula is found in

Brahmagupta’s Brahmasphutasiddhanta 21.23 and it was a common knowledge. Then GS

describes the derivations of sines starting from three different points. In the following

diagrams the vertical arrow means the use of (1) and the horizontal arrow that of (2).
The three starting points are: (A) /54, (B) ], and (C) J,.

(A) GS7.16-25: Starting from singo® = J54, a total of 4 sines are derived.

]36

3

J18

3

Jo =27
11 I owe this explanation to an anonymous H@wﬁuﬁﬂmﬂ@ﬂ%ﬁﬁ?{l’%ﬂml (18ab)
izfeég;ﬁﬂi‘ﬁflfﬁmqml (7.12ab) 14wﬁm|ll(£;:;?)

13 ARG gL FIANTd % Wil (17cd)

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51



46 AN INDIAN SINE TABLE OF 36 ENTRIES

As results, our text gives J;¢ = 3438, [ 13 = 2431, ], = 1316"%, and ], = 3178.
(B) GS 7.29cd-45: Starting from sin 30° (J,,), a total of 8 sines are derived.

Jiz= oy

l

Jo — 5
l l

]3 - ]33 ]15_)]21

Our text states that chord 60° = R, therefore sin 30° = J,, = § = 1719. The remain-
ing values are given as: [,, = 2978, J¢ = 890, |5, = 3321, J;5 = 2093, J,; = 2728,
J5 =499, ] = 3372, in this order.

(C) GS 7.47-71: Our text starts from J,(= sin 10°), which is, as mentioned above, 597.
A total of 24 sines are derived.

]4 EE— ]32

8 8
J34¢ )2 Jie —  Jxo
Lo 8 8
Ligl; Ji—=hs Js—as Jio = 6
l 8 8
Jiy=J J5 = T30 S5
Ll

]29<_]7 ]11—>]25

The 24 sine values derived in the third process are shown in Table 3.

i a i AJ; versina

1 230 150 150 3

2 50 300 150 13

3 7:30 449 149 29

4 1050 597 148 54

5 12;30 744 147 83

6 150 890 146 117

7 17,30 1034 144 170

8 20;0 1175 142 218

9 22;30 1316 140 270
15 In Chapter 8, ], is given as 1315. be 3409 as in Aryabhata’s J,,. The figure 3372 is
16 This is wrong because J;;(= sin 82;30°) should Aryabhata’s |,;.

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51
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i a i AJ; versina

10 25,0 1452 137 334
11 27;30 1586 134 400
12 30;0 1719 130 471
13 32;30 1846 127 550
14 350 1971 124 634
15 37;30 2093 121 721
16 40;0 2209 116 816
17 42;30 2322 113 915
18 45;0 2431 109 1018
19 47,30 2534 103 1127
20 50,0 2633 99 1240
21 52;30 2728 94 1356
22 55,0 2815 89 1478
23 57,30 2899 84 1603
24 60;0 2978 79 1730
25 62;30 3049 71 1863
26 650 3115 66 1997
27 67,30 3178 63 2134
28 70,0 132307 55 2274
29 72;30 13278 46 2416
30 75,0 3321 43 2559
31 77,30 3355 34 2705
32 80;0 3385 30 2852
33 8230 3409 25 3000
34 850 3425 16 3149
35 87,30 3435 10 3288
36 90,0 3438 3 3438

Table 3: Sine table of 36 entries

17 GS 7.56 reads: TUARE (3233), which is also GS 8.8 reads @ERFWES (3320), which I have
the reading of JM (see below, Sarma 1977: 48), but changed to @ﬁﬁg;m]a?ﬁ (3230).

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51



48 AN INDIAN SINE TABLE OF 36 ENTRIES

i a’ J; versina
1730 449 29
2 150 890 117
3 22;30 1315 260
4 30,0 1719 460
5 37,30 2093 710
6 450 2431 1007
7 52;30 2728 1345
8 60,0 2978 1719
9 67;30 3178 2123

=y
o

750 3321 2548
8230 3409 2989
12 90,0 3438 3438

[y
[

Table 4: Concise sine table

In Chapter 8 of GS all the 36 sines are stated again, this time in the order from J, to
J36 (GS 8.2-10). Some values are slightly different from those given in Chapter 7. The
difference of sines (khandajya, AJ;) and versed sines are also given in GS 8.10-15 and GS
8.16—22 respectively. I have shown these values in Table 3. The values of AJ; and their
sum (J;) are good and mostly agree with Aryabhata’s values (Table 1). What is very
strange is the values of the versed sines. GS 8.15¢cd gives definition of versed sine:

If these (sine differences) are added in reverse order, they in order are the
sum of the versed sines.'®

and the following verses just give numerical values . I quote only the beginning part (GS
8.16):

vahni (3) visve (13) randhradasra (29) sindhupafica (54) trihastinah (83)/
parvatesah (117) khasaptaika (170) dhrtidasra (218) khabhani (270) ca// (8.16)

Only four values up to “54” for i = 4 are correct, but after that differences from the
correct values conspicuously increase. I do not understand the reason. Even stranger is
that correct values are found in the concise sine table in Chapter 10 (Table 4).

All the 12 values in the concise table are same as those of Aryabhata, except
sin 67;30° = 3178 (also in the detailed table above), which is better than Arya-
bhata’s 3177.

18 U SHHIGRHTCIRRT: ShEAIGhHTIUSHT: || (8.15¢d ).

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51
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3 JYOTIRMIMAMSA

IT 1s REMARKABLE that recently I found that Nilakantha (b. 1444), the most celebrated
astronomer/mathematician in the Madhava school in Kerala, knew the peculiar sine
table of the Gargasamhitd. In his edition of the Jyotirmimamsa (Sarma 1977), there is a
section (according to Sarma, “18. Sattrimsajjyanayana (?)”), called “Derivation of the 36
Rsines”.’ The beginning of this section is missing and Sarma notes that, “The ms. has a
gap, which has been suitably filled up”.>°
The Sanskrit text of this section is very corrupt and Sarma’s restoration is not suc-
cessful because he did not know that the parallel passage is found in the Gargasambhita.
Actually this section begins with a verse that is identical with GS 7.51cd-52ab. I quote
here from the beginning of GS 7.51.
TG eRedl ferrfersit It 1/

dHTEdGdchIdhlg [%%‘5@]21 TAETSETS: || (7.51)

b N . aa: ~ AL :|
That is 2209 (minutes). From this is the sine of the 20th (arc). From this
which is 2633 (minutes) there arises the (sum of) the ten sine differences, of
which the measure is 1452>* (minutes). From it (there originates) the sine of
the 26th (arc).

This is the derivations of [, = 2209, from which is J,, (2633), from which is J,, = K, +
..+ K, (=1452), and from which again is J,4 (=3115), which is in the next line (7.52¢cd).
In this way the whole section is borrowed from GS 7.51cd-64ab. We can restore the
corrupt text of the Jyotirmimamsa with the help of the GS. And vice versa, sometimes we
can check the readings of the GS by those of the Jyotirmimamsa.

We need to know how Garga’s sine table was included in the Jyotirmimamsa. In his
commentary on the Aryabhatiya, Nilakantha calls himself Gargyakerala, which means
that he belonged to the Gargya clan (gotra) of Kerala. He sometimes quotes Garga’s
verses that are found in Varahamihira’s Brhatsamhita,>> an encyclopedic book on divina-
tion. This Garga can be different from the author of our GS. Nilakantha had at least two
kinds of texts ascribed to Garga as he says:

It is evident that there were two Gargas, one is Vrddhagarga and the other is
Garga**.

In the same passage, Nilakantha refers to a mathematical book called Gargasamhita>>.
He quotes a half verse from this Gargasamhita in his commentary on the “Chapter on
Mathematics” (Ganitapada) of the Aryabhatiya:>°

19 Sarma 19y7: viii text of the Brhatsamhita, Chapter 2. But it is pos-
20 Sarma 1977: 48, note 1. sible that the Brhatsamhita at his hand was differ-
21 Sarma (1977: 48) reads FfTHIg and puts 2233 ent from that of Dvivedin’s modern edition.
above the line, but this is wrong. 24 Nilakanta ad. Aryabhatiya, Kalakriyapada
22 Sarma (1977: 48) puts 1752 above the line, but 10 (Sambasivasastri 1930-57:v.2, p.16, line 13):
this is wrong. FEIP1: RN TREd TRTed,

23 For example, in the edition of Sambasivasastri 25 Idem, line 17: &S0 TRTE AR TR,

(1930-57:V. 3, p-160) he quotes five verses from

26 Sambasivasastri 1930-57:v.1, p. 11.
“Garga,” but actually they are found in the mila

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51
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q ?.]1?3[ . o < . < \(‘S ey |
The square of the hypotenuse (=diameter) is derived from separately the
squares of sine (bahu) and cosine (koti).

This is exactly the line we find as GS 7.10cd.

Thus we can conclude that Nilakantha had access to at least two texts ascribed to
Garga, one astrological and the other astronomical. What he refers to as “mathematical
Gargasamhitd” was used when he wrote the Jyotirmimamsa and the commentary on the
Aryabhatiya. We do not know whether he actually used this unusual sine table in his
computation. Lastly, let us remember that Nilakantha quotes the very accurate sine table

of Madhava as mentioned in Table 2 above.

4 ACKNOWLEDGEMENTS

The original version of this paper was read at the second International Conference on
the History of Mathematics and Astronomy, December 2-8, 2018, Xi’an.

INDEX OF MANUSCRIPTS

Hoshiarpur VVRI 2069, 43

REFERENCES

Dvivedin, S. (1902) (ed.), Brahmasphutasiddhanta and Dhyanagrahopadesadhyaya by Brah-
magupta Edited with his Own Commentary (Benares: Medical Hall Press), http://n2t
.net/ark:/13960/t4mm1q06n; reprint from The Pandit.

Geslani, M., Mak, B., Yano, M., and Zysk, K. G. (2017), ‘Garga and Early Astral Science
in India’, History of Science in South Asia, 5/1: 151—-91. por: 10.18732/h2nd44.

Hayashi, T. (1997), ‘Aryabhata’s Rule and Table for Sine-Differences’, Historia Mathemat-
ica, 24: 396—406. por: 10.1006/hmat . 1997 .2160.

Klintberg, B. (2005), ‘Hipparchus’s 3600"-based Chord Table and Its Place in the History
of Ancient Greek and Indian Trigonometry’, Indian Journal of History of Science, 40/2:
169203, http://www.insa.ndl.iitkgp.ac.in/xmlui/handle/1234567/1708, (on
7 Oct. 2019).

Pingree, D. E. (1967-8), ‘The Paitamahasiddhanta of the Visnudharmottarapurana’,
Adyar Library Bulletin, 31—32; Dr V. Raghavan felicitation volume.

—— (1978), ‘History of Mathematical Astronomy in India’, in C. C. Gillispie, F. L.
Holmes, et al. (eds.), Dictionary of Scientific Biography, 15, supplement 1 (New York:
Charles Scribner’s Sons), 533-633.

Plofker, K. (2009), Mathematics in India (Princeton and Oxford: Princeton University
Press), 1sBN: 9780691120676.

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51


http://n2t.net/ark:/13960/t4mm1q06n
http://n2t.net/ark:/13960/t4mm1q06n
https://doi.org/10.18732/h2nd44
https://doi.org/10.1006/hmat.1997.2160
http://www.insa.ndl.iitkgp.ac.in/xmlui/handle/1234567/1708

MICHIO YANO 51

Sambasivasastri, K. (1930-57) (ed.), Srimad Aryabhatacaryaviracitam Aryabhatiyam
Gargyakeralanilakanthasomasutvaviracitabhasyopetam (Tiruvanantapuram: Ra-
jaklyamudranayantralaya); Volume1: http :/n2t . net /ark : / 13960 / t6258sr9j,
v.2: http:/n2t .net/ark:/13960/t3rv60968, v.3: http:/n2t .net/ark:/13960/
t7snbjméx, Prathamal samputah: ganitapada (Trivandrum Sanskrit Series, 101; 1930),
Duitiyah samputah: kalakriyapada (Trivandrum Sanskrit Series, 110; 1931), Trtiyah
samputah: golapadah (Trivandrum Sanskrit Series, 185; 1957).

Sarma, K. V. (1977) (ed.), Jyotirmimamsa: Investigations on Astronomical Theories by
Nilakantha Somayaji, Edited with Critical Introduction and Appendices (Panjab Univer-
sity Indological Series, 11; Hoshiarpur: Vishveshvarananda Vishva Bandhu Institute
of Sanskrit and Indological Studies), http://n2t.net/ark:/13960/t3710bq15, (on
8 Oct. 2019).

Shukla, K. S. (1985-6) (ed.), Vatesvara-Siddhanta and Gola of Vatesvara Critically Edited with
English Translation and Commentary (New Delhi: Indian National Science Academy);
Vol.1:http://n2t.net/ark:/13960/t33227612,v.2: http://n2t .net/ark:/13960/
t85j2xqg2c.

Toomer, G. J. (1973), “The Chord Table of Hipparchus and the Early History of Greek
Trigonometry’, Centaurus, 18: 6—28.

——(1984) (ed.), Ptolemy’s Almagest (Duckworth Classical, Medieval and Renaissance
Editions; London: Duckworth), 1sBN: 9780715615881.

Van Brummelen, G. (2009), The Mathematics of the Heavens and the Earth: The Early History
of Trigonometry (Princeton: Princeton University Press), 1sBN: 9780691129730.

Yabuuti, K. (1979), ‘Researches on the Chiu-chih li JLH&: Indian Astronomy Under the
T’ang & Dynasty’, Acta Asiatica, 36.

HISTORY OF SCIENCE IN SOUTH ASIA 7 (2019) 42-51


http:/n2t.net/ark:/13960/t6258sr9j
http:/n2t.net/ark:/13960/t3rv60968
http:/n2t.net/ark:/13960/t7sn5jm4x
http:/n2t.net/ark:/13960/t7sn5jm4x
http://n2t.net/ark:/13960/t3710bq15
http://n2t.net/ark:/13960/t33227612
http://n2t.net/ark:/13960/t85j2xq2c
http://n2t.net/ark:/13960/t85j2xq2c

Please write to (wujastyk@ualberta.ca) to file bugs/problem reports, feature requests and to get involved.
The History of Science in South Asia e Department of History and Classics, 2-81 HM Tory Building, University of Alberta,
Edmonton, AB, T6G 2Hy4, Canada.


mailto:wujastyk@ualberta.ca
http://hssa-journal.org

	Introduction
	Gargasaṃhitā
	Jyotirmīmāṃsā
	Acknowledgements

